Canonical Distillation of Entanglement by Das, Tamoghna et al.
Canonical Distillation of Entanglement
Tamoghna Das, Asutosh Kumar, Amit Kumar Pal, Namrata Shukla, Aditi Sen(De), and Ujjwal Sen
Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad - 211019, India and
Homi Bhabha National Institute, Training School Complex, Anushaktinagar, Mumbai 400094, India
Distilling highly entangled quantum states from weaker ones is a process that is crucial for efficient and long-
distance quantum communication, and has implications for several other quantum information protocols. We
introduce the notion of distillation under limited resources, and specifically focus on the energy constraint. The
corresponding protocol, which we call the canonical distillation of entanglement, naturally leads to the set of
canonically distillable states. We show that for non-interacting Hamiltonians, almost no states are canonically
distillable, while the situation can be drastically different for interacting ones. Several paradigmatic Hamil-
tonians are considered for bipartite as well as multipartite canonical distillability. The results have potential
applications for practical quantum communication devices.
I. INTRODUCTION
Over the last twenty five years or so, entangled quantum states
shared between distant parties have been proved to be essential
for several quantum protocols [1–4]. However, unavoidable de-
struction of quantum coherence due to noisy quantum channels
diminishes the quality of the shared quantum state, thereby pos-
ing a challenge to the implementation of such protocols. In-
vention of distillation protocols [5–8] to purify highly entangled
states from collection of states with relatively low entanglement
has been proven crucial in order to overcome such difficulties
in device independent quantum cryptography [4, 9], quantum
dense coding [10], and quantum teleportation [11] - the three
pillars of quantum communication. Entanglement distillation
is also indispensable in quantum repeater models [12], used to
overcome the exponential scaling of the error probabilities with
the length of the noisy quantum channel connecting distant par-
ties sharing the quantum state. Existence of bound entangled
(BE) states [6] - entangled states from which no pure entan-
gled state can be obtained using local operations and classical
communications (LOCC) - further highlights the importance of
identifying distillable states. Entanglement distillation protocols
have also been used in problems related to topological quantum
memory [13]. Laboratory realization of single copy distillation
has been performed and possible experimental proposal of mul-
ticopy distillation has been given [14].
There is a close correspondence between entanglement and
energy [6, 15–17]. Moreover, consideration of statistical ensem-
bles of quantum states of a system in terms of various constraints
on its energy and number of particles is crucial in several areas
of physics, including in quantum communication. An important
example is the classical capacity of a noiseless quantum chan-
nel [18–21] for transmitting classical information using quan-
tum states. The classical capacity is quantified by the von Neu-
mann entropy of the maximally mixed quantum state that can
be sent through the noiseless quantum channel. The “Holevo
bound”[18–20] dictates that at most n bits of classical informa-
tion can be transmitted using n distinguishable qubits, thereby
predicting an infinite capacity for infinite dimensional systems,
such as the bosonic channels [21]. Since the energy required
to achieve infinite capacity is also infinite, such non-physicality
can be taken care of by calculating the capacity under appro-
priate energy constraints. Constraints on available energy can
also be active in other quantum information protocols including
infinite- as well as finite-dimensional systems and in particular
may give rise to a novel understanding of the interplay between
entanglement and energy. For example, to implement ideas like
quantum repeaters for long-distance quantum state distribution,
an energy-constrained protocol for the distillation of entangle-
ment may be necessary. Evidently, in that case, the energy of
the states involved in the distillation process must follow con-
straints according to the physical situation in hand, especially
in the case of implementation of the protocol in the laboratory,
where arbitrary amount of energy is not accessible. The logi-
cal choice of such constraints may include bounds on average
energy, or maximum available energy of the quantum states.
In this paper, we consider the process of distillation of highly
entangled quantum states of shared systems from weakly entan-
gled ones within the realm of limited resources. Specifically, we
propose that a distillation protocol have to be carried out under
an energy constraint, and refer to it as “canonical”distillation.
We prove that non-interacting Hamiltonians lead to situations
where canonically distillable states form a set of measure zero.
The situation, however, drastically changes with the inclusion
of interaction terms. We consider several paradigmatic inter-
acting Hamiltonians of spin-12 systems, viz. the transverse-field
XY model [22, 23], the longitudinal-field XY model, and the
XXZ model in an applied field [24], and the concept of canoni-
cal distillation is probed in each case. The interrelation between
canonical distillability and the temperature in thermal states is
also investigated. The findings are generic in the sense that they
hold also in higher dimensions and for higher number of par-
ties. The energy constraint in these cases is introduced by re-
spectively considering a bilinear-biquadratic Hamiltonian [25]
of two spin-1 particles and a multisite transverse XY model.
The paper is organized as follows. In Sec. II, we define the
canonical distillability of bipartite as well as multipartite quan-
tum states. Sec. III contains the results on application of the
canonical distillation protocol in bipartite systems. The results
are also demonstrated in the cases of well-known quantum spin
models, where the canonical distillability of pure and mixed
states with respect to these Hamiltonians are tested. In Sec. IV,
we discuss the canonical distillability of multipartite states, fo-
cusing on three-qubit pure states belonging to the Greenberger-
Horne-Zeilinger (GHZ) [26, 27] and the W [27, 28] classes. Sec.
V contains the concluding remarks.
ar
X
iv
:1
41
1.
79
36
v5
  [
qu
an
t-p
h]
  6
 A
pr
 20
17
2FIG. 1. (Color online.) The structure of the state space in light of their
distillability and canonical distillability, assuming that SCD ⊂ SSCD .
Separable (S) states, bound entangled (BE) states with positive partial
transpose (PPT), and the conjectured set of NPPT BE [6] states form the
set of undistillable states.The debatable existence of NPPT BE states is
indicated with a question mark. All the states that are outside the dotted
line are distillable (D) in the usual, non-canonical sense. The SCD
states are outside the dashed line, while the CD states are outside the
dot-dashed boundary. The boundary between the states that are SCD
and those that are not so (the dashed line) is a non-convex one, while
the boundary between the NPPT BE states, if existing, and the NPPT
distillable states is non-convex under an assumption [30].
II. DISTILLATION UNDER CANONICAL ENERGY
CONSTRAINT
We begin by providing a formal definition of canonical distil-
lation of entanglement for two-qubit systems in the asymptotic
limit. Generalization to higher dimensions and higher number of
parties are considered later. In “usual” entanglement distillation
[5], one intends to produce the largest number, m, of copies of
the maximally entangled Bell pair, |ψ−〉 = (|01〉 − |10〉)/√2,
starting from n (m ≤ n) copies of an entangled two-qubit state,
ρ, using only LOCC. Let us consider an LOCC on n copies of
the state ρ that creates the state σ which is close to m copies of
|ψ−〉, or its local unitary equivalent, |ψ˜−〉 = U4|ψ−〉, so that
lim
n→∞tr(σσ˜
⊗m) = 1, (1)
where σ˜ = |ψ˜−〉〈ψ˜−|. Here, U4 = U12 ⊗ U22 , with U12 and U22
being unitary operators on the qubit Hilbert space. The distil-
lable entanglement is given by ED = max lim
n→∞
m
n , where the
maximum is over all LOCC protocols satisfying Eq. (1).
To introduce an appropriate energy constraint, suppose that
the two-qubit quantum system in the state ρ is described by the
Hamiltonian H . Here, by “system”, we mean the quantum sys-
tem containing the set of n resource states, in turn containing
the set of m output states of the distillation protocol. We as-
sume that the system is in contact with a heat bath such that the
average energies of the input and output states of the distilla-
tion protocol are equal. This average energy conservation leads
to the constraint tr(H˜nρ⊗n) = tr(H˜mσ) ≈ tr(H˜mσ˜⊗m), with
H˜j =
∑j
i=1 I
⊗i−1 ⊗H ⊗ I⊗j−i, which implies
tr(Hρ) =
m
n
(tr(Hσ˜)) . (2)
Here we assume that n is sufficiently large, so that tr(H˜mσ) can
be approximated by tr(H˜mσ˜⊗m). It can be shown, by virtue of
Eq. (1), that the approximation is an equality for n→∞.
Note that we are assuming an insignificant contribution in av-
erage energy from the n − m bipartite systems that are traced
out, and any additional ancillary systems that are used and then
discarded out during the LOCC protocol for the canonical dis-
tillation. Such energy dissipation channels can be incorporated
into the definition, but leads to further intractability in the anal-
ysis. On the other hand, this assumption can be justified by
noticing that the remnants after the application of a usual dis-
tillation protocol for creating singlet from pure two-qubit non-
maximallly entangled states [8], α|00〉 + β|11〉, are of the form
|0〉⊗nA |0〉⊗nB and |1〉⊗nA |1〉⊗nB with probabilities |α|2n and |β|2n,
respectively, where A and B are the two parties. This con-
tributes in average energy of the system by an amount δE , where
δE = n[|α|2n〈0A0B |H|0A0B〉]+|β|2n〈1A1B |H|1A1B〉]. Since
0 ≤ |α|, |β| ≤ 1, for |α|, |β| 6= 0, 1, δE → 0 as n → ∞.
We will discuss specific examples in the coming sections, where
we consider several important and specific forms of the system
Hamiltonian. In the limit n→∞, from Eq. (2), we have
tr(Hρ) = lim
n→∞
m
n
tr(Hσ˜). (3)
The average energy constraint can also be replaced by a max-
imal available energy constraint, wherein we expect the broad
qualitative features, of the case where the average energy is con-
sidered, to be retained. The canonically distillable entanglement,
ECD, is the maximum value of lim
n→∞
m
n that satisfies Eq. (3) for
some U4, and is consistent with Eq. (1). We call the states with a
non-zeroECD to be canonically distillable (CD). One must note
that for the two-qubit systems,
0 ≤ ECD ≤ ED ≤ 1. (4)
We would like to emphasize here that the canonical energy
constraint, in the present problem, is imposed on the ensemble
of quantum states over which the LOCC protocol is applied. The
LOCC protocol can be modeled by an appropriate choice of fol-
lowing two Hamiltonians: (a) the Hamiltonian corresponding to
the laboratory setting implementing the protocol in a real exper-
iment and (b) the Hamiltonian modeling the interaction between
the system and the laboratory environment in the same experi-
ment. These choices do put novel constraints over the average
energy of the source states. However, we assume that the system
has already equilibriated with its laboratory environment, so that
the average energy constraint applied to the source states takes
into account the restrictions resulting from the application of the
LOCC process. This assumption is in the same vein as that con-
sidered in the problem of ascertaining the capacity in the case
of bosonic channels, as mentioned in Sec. I. The capacity of a
bosonic channel without an energy constraint is infinite. While
it is important to understand the bosonic channel capacity after
an energy constraint is applied to the entire process of encod-
ing, sending, and decoding of the channel states, a physically
relevant bosonic channel capacity is obtained also by providing
an energy constraint on the source states [21]. A similar exam-
ple is provided by equilibrium statistical mechanics, where an
average energy constraint on the system Hamiltonian provides
useful information about the systems thermodynamical quanti-
ties, that is independent of (i) the Hamiltonian of the bath and (ii)
the system-bath Hamiltonian, for a large class of the two latter
Hamiltonians (in (i) and (ii)) [29].
3Just like ED, determination of ECD under the canonical en-
ergy constraint is a difficult problem. However, significant in-
sight on CD states can be obtained by considering a weaker ver-
sion of the energy constraint, viz.
tr(Hρ) = tr(Hσ˜). (5)
We refer to this as the weak canonical energy constraint
(WCEC). Replacing Eq. (3) by Eq. (5) leads us to the concept
of “special”CD (SCD) states.
Note here that the relation between the set of CD and SCD
states depends on the allowed values of tr(Hρ) and tr(Hσ˜).
While tr(Hρ) is bounded within the range [E1, E2], where E1
andE2 are respectively the minimum and maximum eigenvalues
of H , tr(Hσ˜) can have a different accessible range [1, 2] due
to the involvement of the free unitaries, U4, where
1 = minU4
tr(Hσ˜),
2 = maxU4
tr(Hσ˜). (6)
One can consider two different situations. (i) The first situa-
tion is when 1 = 2, where the range [E1, E2] and [1, 2] has
zero overlap, thereby forbidding special canonical distillability
of almost all quantum states. Similar result for canonical dis-
tillability follows from Eq. (3). (ii) The second situation arises
when 1 6= 2, in which case special canonical distillability of a
quantum state ρ is guranteed by the value of tr(Hρ) being in the
common region of the ranges [E1, E2] and [1, 2]. Note here
that the set of all SCD states is clearly a superset of the set of all
CD states by virtue of Eq. (3).
The definition of canonical distillability can be extended to bi-
partite states of arbitrary dimensions, where the individual par-
ties have dimensions d > 2. In that case, the states |ψ−〉 and
|ψ˜−〉 are replaced by |Φ〉 and |Φ˜〉, respectively, with
|Φ〉 = 1√
d
d∑
i=1
|i〉1|i〉2 (7)
being a maximally entangled pure state in Cd ⊗ Cd, and |Φ˜〉 =
Ud2 |Φ〉. Here, Ud2 = U1d ⊗ U2d , with Ukd being an unitary op-
erator on Cd for k = 1, 2, and {|i〉; i = 1, · · · , d} forms the
computational basis in Cd. Since we are trying to create maxi-
mally entangled states in Cd ⊗ Cd, the relations in Eq. (4) are
still valid. This is the case where the state |Φ〉 is considered to
have unit entanglement. If |Φ〉 is considered to possess log2 d
ebits of entanglement, all the expressions in Eq. (4) need to be
multiplied by log2 d. A schematic diagram of the major divi-
sions in the state space with respect to distillability is depicted
in Fig. 1, where SCD ⊂ SSCD is assumed, with SCD and SSCD
representing the sets of CD and SCD states, respectively.
We conclude this section by pointing out that a multipartite
extension of canonical distillation can be achieved by consider-
ing n copies of an N -party state, ρ⊗nN , from which m copies of
|ΨN 〉, a certain pure state, or its local unitary equivalent |Ψ˜N 〉,
can be created using LOCC under the canonical constraint. The
choice of |ΨN 〉may not be unique in this case [27], and depends
on the usefulness of that state in quantum information tasks. A
demonstration of canonical distillability in multipartite scenario
is presented in Sec. IV.
III. BIPARTITE SYSTEMS
The first result that we prove on canonical distillability of bi-
partite quantum states is for the case of a general non-interacting
Hamiltonian Hl, defined on a system of two qudits, each having
dimension d. The Hamiltonian is given by
Hl = ~α. ~S1 ⊗ I2 + I1 ⊗ ~β. ~S2. (8)
Here, ~S = {Sx,Sy,Sz} with Si (i = x, y, z) being the d-
dimensional spin operators of a quantum spin-j particle (j =
(d − 1)/2), ~α and ~β are unit vectors, I denotes the identity op-
erator in Cd, and the subscripts 1 and 2 denote the two qudits.
Proposition I. For a system of two qudits described by a non-
interacting Hamiltonian, almost no states are SCD.
Proof. The maximally entangled state, |Φ〉 (Eq. (7)), and its lo-
cal unitary equivalents have zero magnetizations in their single-
party local density matrices. Therefore,
〈Φ˜|Si1 ⊗ I2|Φ˜〉 = 〈Φ˜|I1 ⊗ Si2|Φ˜〉 = 0 (9)
∀i = x, y, z. Hence, for two-qudit Hamiltonians of the form (8),
the WCEC reduces to the form
tr(Hlρ) = 0. (10)
The probability that a state (pure or mixed) chosen randomly
from the entire state space to lie on this surface (Eq. (10)) is
vanishingly small. Hence, almost no two-qudit states are SCD if
the system is described by a non-interacting Hamiltonian of the
form Hl. 
Due to Eq. (3), Proposition I immediately leads to the follow-
ing corollary.
Corollary I.1. For a system of two qudits described by a non-
interacting Hamiltonian, almost no states are CD.
Note. Proposition I and Corollary I.1 are true also in the general
case when the local parts of the Hamiltonian Hl are expressed
as linear combinations of generators of SU(d).
To investigate whether introduction of interaction terms in
the Hamiltonian has any effect on canonical distillability of the
states of the system, we consider a Hamiltonian of the form
H = xHint + yHl. Here, Hint is the interacting part of H
whereas Hl is the local part having a generic form as given in
Eq. (8), and x and y are appropriate system parameters. With-
out any loss of generality, one can scale the system by the pa-
rameter x so that the Hamiltonian of the system takes the form
H = Hint + gHl with g = y/x. Let us consider the minimal-
istic interacting Hamiltonian for the system of two qudits given
by
Hint = ~n1. ~S1 ⊗ ~n2. ~S2, (11)
where ~n1 and ~n2 are unit vectors. We refer to 1g as the “partici-
pation ratio” of the interaction part, Hint, in the HamiltonianH ,
with respect to the local part, Hl.
Proposition II. Introduction of the minimalistic interacting part
in the Hamiltonian, with arbitrarily small participation ratio
with respect to the local part, results in a non-zero probability of
a randomly chosen state to be SCD.
4Proof. For a system of two qudits described by the Hamiltonian
H = Hint + gHl, where Hint and Hl are given by Eqs. (11)
and (8), respectively, the WCEC reduces to
tr(Hρ) = 〈Φ˜|Hint|Φ˜〉, (12)
where we have used Eq. (9). Suppose that the limits of variation
of the quantity, tr(Hρ), of the WCEC for a specific value of
g are Eg1 and E
g
2 , i.e., tr(Hρ) ∈ [Eg1 , Eg2 ]. Note that Eg1 and
Eg2 respectively are the minimum and the maximum eigenvalues
of H for a specific value of g, while let Eint1 and E
int
2 be the
same of Hint. The accessible range of the right hand side of the
WCEC is given by 〈Φ˜|Hint|Φ˜〉 ∈ [1, 2], where, according to
Eq. (6),
1 = min{Ukd }
〈Φ˜|Hint|Φ˜〉,
2 = max{Ukd }
〈Φ˜|Hint|Φ˜〉, (13)
with Eint1 ≤ 1 ≤ 2 ≤ Eint2 . Evidently, the probability of a
randomly chosen two-qudit state to be SCD is non-zero iff (i)
1 6= 2, and (ii) [1, 2] and [Eg1 , Eg2 ] have a non-zero overlap.
Considering the form (11) of Hint, ~ni. ~Si is the component of
the spin-j operator, ~Si, along the direction ~ni, and let its eigen-
vectors be {|mj〉i,~ni}. Let {|mj〉i} be the eigenvectors of Szi
with the eigenvalues {mji}. In this basis, the state given in Eq.
(7) can be replaced by
|Φ〉 = 1√
2j + 1
j∑
mj=−j
|mj〉1|mj〉2. (14)
A convenient choice of unitary operators is where Ud1 |mj〉1 =
|mj〉1,~n1 and Ud2 |mj〉1 = |mj〉2,~n2 , which results in
〈Φ˜|Hint|Φ˜〉 = 1
2j + 1
j∑
mj=−j
(mj)2 =
1
3
j(j + 1). (15)
Similarly, for a different choice of unitary operators, viz.
V d1 |mj〉1 = |mj〉1,~n1 and V d2 |mj〉1 = | −mj〉2,~n2 , one can ob-
tain 〈Φ˜|Hint|Φ˜〉 = − 13j(j+1). From Eq. (13), 1 ≤ − 13j(j+1)
and 2 ≥ 13j(j + 1), thereby proving 1 6= 2.
To prove condition (ii), we point out that the Hamiltonian H
is traceless, which implies Eg1 < 0 and E
g
2 > 0 for a specific
value of g. From the above discussion, it is proved that 1 < 0
and 2 > 0, which is possible only when the ranges [1, 2] and
[Eg1 , E
g
2 ] have a finite overlap. Hence, the proof. 
Corollary II.1 follows directly from Proposition II, with an ad-
ditional feature.
Corollary II.1. For a system of two qubits described by a
Hamiltonian of the form H = Hint + gHl, a non-zero probabil-
ity for a randomly chosen two-qubit state to be SCD is guaran-
teed by a finite overlap of the ranges [Eg1 , E
g
2 ] and [E
int
1 , E
int
2 ]
= [1, 2].
Proof. For a system of two qudits, considering the form of Hint
given in Eq. (11), Eint1 = −Eint2 = −j2. For a two-qubit
system (j = 12 ), 1 = −2 = 14 , implying 1 = Eint1 and
2 = E
int
2 . Therefore, varying the unitary operators, one can
exhaust the full range of the right hand side of WCEC. Having
[Eint1 , E
int
2 ] = [1, 2] is the additional feature in Corollary II.1
with respect to Proposition II. 
Note that for Hamiltonians of the form H = Hint + gHl, the
value of δE depends on the Hamiltonian parameter g. For exam-
ple, if one considersHint = ~S1⊗ ~S2 andHl = Sz1 ⊗I+I⊗Sz2 ,
then δE = n[|α|2n(g+ 14 )+ |β|2n(g+ 14 )] tends to zero for large
n when 0 < |α|, |β| < 1.
Next, we wish to estimate the probability that a given quantum
state, ρ, is SCD with respect to the Hamiltonian H for a specific
value of g. If the states ρ are uniformly distributed in the energy
range [Eg1 , E
g
2 ], the required probability would just be the ratio
of the lengths of the two energy ranges, [Eg1 , E
g
2 ] and [1, 2].
This, however, is not the case, and the states, ρ, for any given
rank, r, are typically distributed on the energy range [Eg1 , E
g
2 ]
with a bell-shape.
Let P (E)dE denotes the probability that an arbitrary two-
qudit state ρ of rank r has average energy between E and
E + dE. To keep the notations uncluttered, the symbol r is
not included in the probability density function P (E). Let
P (dist|E) be the probability density that the state ρ (of rank r) is
distillable (in the usual, non-canonical sense) given that its aver-
age energy is E. Therefore, the probability, p, that a given state,
ρ, of rank r, is SCD with respect to the Hamiltonian H is given
by
p =
∫ 2
1
P (dist|E)P (E)dE. (16)
There does not, as yet, exist an efficient method to estimate
the quantity P (dist|E) in arbitrary dimensions. However, in
C2⊗Cd systems, distillability is equivalent to being non-positive
under partial transposition (NPPT) [31]. For such systems, we
can perform numerical simulations to estimate this quantity. In-
terestingly, in all the systems that we have considered, numerical
evidence indicates that P (dist|E) is independent of E. We will
refer to this as the “assumption of independence”(AI), and de-
note P (dist|E) by η when the assumption is valid. We refer to η
as the distillability factor (DF). We have, therefore, the following
proposition under the assumption of independence.
Proposition III. The probability of an arbitrary entangled state,
pure or mixed, of a two-qudit system defined by the Hamiltonian
H = Hint + gHl for a specific value of g to be SCD is given by
p = η
∫ 2
1
P (E)dE. (17)
Note. None of the results presented in the subsequent discus-
sions uses the assumption of independence for the numerical
calculations. However, we expect that the formula in Proposi-
tion III will be useful in cases where numerical simulation is
more challenging.
A. Canonical distillation in quantum spin models
Now we apply the above formulation of canonical distilla-
tion of entanglement in the case of well-known quanum spin
5Hamiltonians, and discuss a number of interesting features of
the special canonical distillability in these models. We start with
C2 ⊗ C2 systems, where the spin operators are the Pauli matri-
ces, {σxi , σyi , σzi }, acting on the qubit i. Following Proposition
I, there is a vanishing probability that a randomly chosen two-
qubit state of a system described by a non-interacting two-qubit
Hamiltonian of the form Hl = ~α.~σ1 ⊗ I2 + I1 ⊗ ~β.~σ2 with
~σi = {σxi , σyi , σzi } is special canonically distillable (SCD).
We now consider the two-qubit XY Hamiltonian in a
transverse-field [22, 23], given by
HXY = J(γ+σ
x
1σ
x
2 + γ−σ
y
1σ
y
2 ) + h
2∑
i=1
σzi , (18)
with γ± = (1±γ)/2 representing the anisotropy and h being the
field strength, can be expressed in the form HintXY +gH
l
XY , with
g = h/J (see [33]). The existence of at least one unitary oper-
ator U4 for every value of 〈ψ˜−|HintXY |ψ˜−〉 in the allowed range
[−, ], where ± are the maximum and minimum eigenvalues
ofHintXY , results in a significant fraction of two-qubit SCD states
for J 6= 0 (Proposition II), while for J = 0, almost all the states
are not SCD (Proposition I). Extensive numerical simulations
suggest that AI holds within numerical accuracy, allowing one
to calculate p with respect to HXY following Proposition III.
The behaviour of p at the extremums of the model is presented
by the following Proposition ([33]).
Proposition IV. In a two-qubit system described by the trans-
verse XY Hamiltonian, all entangled states are SCD, provided
either h→ 0 or γ →∞.
The probability distributions, P (E), of average energy of
states over the space of all two-qubit pure states for different
values of h/J are typically bell-shaped, and are determined by
Haar-uniformly generating a sample of 108 such states. In cor-
roboration with Proposition I, for two-qubit pure states for which
η = 1, p decreases as h/J increases (see [33] for a depiction),
and asymptotically vanishes as h → ∞. For two-qubit mixed
states, η is a decreasing function of the rank, r, of the state, with
η(r = 2) = 1, η(r = 3) = 0.928, and η(r = 4) = 0.756,
estimated via numerical simulation by generating 108 states (for
each rank) Haar uniformly over the space of quantum states of
the corresponding rank. Similar to the pure states, P (E) for
the two-qubit entangled mixed states with different ranks are
also bell-shaped with p → 0 for h → ∞, as depicted in [33].
These results for the pure and mixed two-qubit states qualita-
tively hold also for a two-qubit XXZ Hamiltonian in an exter-
nal field, given by [24]
HXXZ =
J
2
(σx1σ
x
2 + σ
y
1σ
y
2 + ∆σ
z
1σ
z
2) + h
2∑
i=1
σzi , (19)
or a higher-dimensional system such as a bilinear-biquadratic
spin Hamiltonian [25], defined on two qutrits and expressed as
H3,3 = J
[
cos θ~S1.~S2 + sin θ
(
~S1.~S2
)2]
+ h
2∑
i=1
Szi , (20)
where ~Si = {Sxi , Syi , Szi }, i = 1, 2, are the spin operators on the
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FIG. 2. Canonical distillability of two-qubit states with local magneti-
zations. The projections of SCD region on the (m1z,m2z) plane of the
parameter space of the state ρm, where the system is governed by the
two-qubit XY Hamiltonian, is shown by the black regions. The left
figure is for h/J = 1.0, while the right one is for h/J = 2.0. Note
also that an SCD state can be obtained by mixing two quantum state
that are distillable, but not SCD (the dark gray regions), as indicated
by the dotted line, implying the non-convexity of the SCD states. The
light gray regions indicate the quantum states ρm that are undistillable,
whereas the white regions are for non-physical states. All axes are di-
mensionless.
qutrit i, with
Sxi =
1√
2
 0 1 01 0 1
0 1 0
 , Syi = 1√
2i
 0 1 0−1 0 1
0 −1 0
 ,
Szi = diag{1, 0,−1}. (21)
Here, cos θ and sin θ are the relative strengths of the bilinear and
biquadratic interactions, respectively. Note that the value of p
can be enhanced by changing the direction of the external field,
as in the case of the two-qubit XY model in a longitudinal field,
whose Hamiltonian is given by Eq. (18), with σz replaced by σx
in the local part.
Interestingly, there exists a critical SCD temperature for ev-
ery value h/J in the XY as well as XXZ models, above which a
two-qubit mixed thermal state satisfies the WCEC, whereas be-
low the critical value, it does not. Although an increase in the
entanglement facilitates canonical distillability at zero tempera-
ture, after thermal mixing, there is a trade-off between temper-
ature and entanglement which aids in canonical distillability at
higher temperatures where entanglement is typically low. This
is indicated by the existence of thermal states at high temper-
ature having negligible or zero concurrence [17] but satisfying
Eq. (5), and states having high thermal concurrence and yet vi-
olating WCEC [33].
The effect of magnetization of a two-qubit mixed state on
canonical distillability becomes prominent in the case of a two-
qubit mixed state, ρm, constituted by only the diagonal elements
of the correlation matrix, cαα = tr(σα1⊗σα2 ρm), α = x, y, z, and
the z magnetization miz = tr(σ
z
i ρi) [33], with |cαα|, |mz| ≤ 1,
ρi being the local density matrix of the qubit i (i = 1, 2). Canon-
ical distillability of ρm w.r.t. the two-qubit transverse-field XY
model depends explicitly on the values of cαα and mz (Fig. 2).
In support of Proposition I, a shrink in the SCD region with in-
creasing h/J indicates a decrease in the value of p for a mixed
6state of the form ρm. Another illustration of this phenomena
on the (cxx,m2z) plane can be found in [33]. Note that un-
der the same Hamiltonian HXY , Bell-diagonal states (miz = 0,
i = 1, 2) are always SCD [33].
IV. MULTIPARTITE SYSTEMS
As mentioned in Sec. III, canonical distillability of a multipar-
tite system constituted of N parties and described by a Hamilto-
nian H can be investigated using the same methodology as that
used in the case of bipartite systems. For the purpose of demon-
stration, we restrict ourselves to three-qubit states belonging to
the well-known GHZ and W classes [26–28], which are mutu-
ally disjoint sets that collectively exhaust the entire set of three-
qubit pure states. Starting with three-qubit states chosen from
the GHZ class as resource states, we consider the distillation
of the multiparty entangled three-qubit GHZ state, |ψ〉GHZ =
(|000〉+ |111〉)/√2, using the WCEC. Similarly, while consid-
ering the W class of states as the resource states, the target state
is the three-qubit W state, |ψ〉W = (|001〉+ |010〉+ |100〉)/
√
3.
Let the multiqubit system be described by the XY Hamiltonian
in an external transverse field, given by
HNXY = J
N∑
i=1
[
γ+σ
x
i σ
x
i+1 + γ−σ
y
i σ
y
i+1
]
+ h
N∑
i=1
σzi . (22)
Similar to its bipartite counterpart, in the case ofN = 3 also, the
probability p is determined as a decreasing function of h/J , for
both GHZ and W class of states. Interestingly, for the W class
states, p is found to be unity up to h/J = 1 and decreasing when
h/J > 1, whereas it decreases for the entire range of h/J in the
case of GHZ states (see [33] for depiction). This is therefore an
occasion where it is advantageous to create W-class states than
GHZ-class states (cf. [32]).
V. CONCLUSION
Distillation of entanglement from shared quantum states is a
useful technique for several quantum information protocols. It
is important, for both fundamental and practical reasons, to con-
sider this protocol in a scenario of limited resources. We have
considered distillation of entanglement in bipartite and multi-
partite quantum states in the situation where there is a limited
amount of energy that is accessible for the process to be ac-
complished. In particular, we consider constraints on average
energy: a canonical energy constraint and a weak canonical en-
ergy constraint, that naturally lead to the concepts of canonical
distillability and special canonical distillability. We have shown
that for a bipartite system described by a non-interacting Hamil-
tonian, almost no states are special canonically distillable. Sig-
nificant understanding about the set of special canonically distil-
lable states can be obtained by looking at the probability distri-
butions of the average energies of the shared states. The concept
has been applied to a number of bipartite and multipartite sys-
tems described by well-known spin Hamiltonians, namely, the
spin- 12 XY model in transverse and longitudinal fields, the spin-
1
2 XXZ model in an external field, and the bilinear-biquadratic
Hamiltonian of a spin-1 system in the presence of an external
field. We find that the probability that a randomly chosen state
is special canonically distillable can be manipulated by alter-
ing the direction of the external field. The canonical distillabil-
ity of a number of mixed states such as the thermal state, the
Bell-diagonal states, and mixed bipartite states with fixed mag-
netizations are also investigated. It has been shown that for a
fixed external field value, the thermal state can be special canon-
ical distillable only above a critical temperature, which we have
called the special canonically distillable temperature. The con-
cept of canonical distillability of three-qubit GHZ and W class
states have also been introduced. The results are expected to be
of importance in realization of quantum communication chan-
nels.
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SSEC1. TWO-QUBIT SYSTEMS
In the case of d = 2, the spin operators are the Pauli matrices, {σxi , σyi , σzi }, acting on the qubit i. Following Proposition I, there
is a vanishing probability that a randomly chosen two-qubit state of a system described by a non-interacting two-qubit Hamiltonian
of the form Hl = ~α.~σ1 ⊗ I2 + I1 ⊗ ~β.~σ2 with ~σi = {σxi , σyi , σzi } is special canonically distillable (SCD). Now we consider some
examples of well-known two-qubit interacting Hamiltonians and investigate the canonical distillability of entangled states of two-
qubit systems described by these Hamiltonians. We consider three well-known spin Hamiltonians, namely, (1) the XY model in a
transverse field [SR1, SR2], (2) the XY model in a longitudinal field, and (3) the XXZ model in an external field [SR4].
A. XY model in a transverse field
The two-qubit Hamiltonian describing the XY model in a transverse field is given by [SR1, SR2]
HXY = J
[
1 + γ
2
σx1σ
x
2 +
1− γ
2
σy1σ
y
2
]
+ h
2∑
i=1
σzi , (SEQ1)
where J is proportional to the interaction strength, γ is the anisotropy parameter, and h is the strength of the external transverse
magnetic field. Note that HXY can be written as a sum of an interacting and a local Hamiltonian as
HXY = H
int
XY +
h
J
H lXY , (SEQ2)
where
HintXY =
[
1 + γ
2
σx1σ
x
2 +
1− γ
2
σy1σ
y
2
]
;H lXY =
2∑
i=1
σzi .
(SEQ3)
The average energy of an arbitrary two-qubit state, ρ, in the present case, has lower and upper bounds determined by the minimum
and maximum eigenvalues of the Hamiltonian HXY . We find that, for a given value of h/J , −E′ ≤ tr(HXY ρ) ≤ E′, where
E′ = max{1,√4(h/J)2 + γ2} for 0 ≤ γ < 1, and E′ = √4(h/J)2 + γ2 for γ ≥ 1. Here and in the rest of the paper, the
calculations of energy are always performed after a division of the Hamiltonian by the coupling constant, J , so that the ensuing
energy expressions are dimensionless.
From weak canonical energy constraint (WCEC) and using Eq. (9), we have 〈ψ˜−|HXY |ψ˜−〉 = 〈ψ˜−|HintXY |ψ˜−〉, which has lower
and upper bounds given by the minimum and maximum eigenvalues of HintXY . In the present case, − ≤ 〈ψ˜−|HXY |ψ˜−〉 ≤ , where
 = 1 for 0 ≤ γ < 1, and  = γ for γ ≥ 1. The local unitary operator Uk2 , involved in obtaining |ψ˜−〉 for the qubit k (k = 1, 2) can
be parametrized as
Uk2 =
(
cos θkeiφ
k
1 sin θkeiφ
k
2
− sin θke−iφk2 cos θke−iφk1
)
. (SEQ4)
Since 〈ψ˜−|HintXY |ψ˜−〉 is a continuous function of {θk, φk1 , φk2}, the parameters of unitary operators with k = 1, 2, one can always find
at least one unitary operator U2 for every value of 〈ψ˜−|HintXY |ψ˜−〉 in the allowed range [−, ]. For example, for γ > 1, choosing φ11 =
φ21 = pi/2, and φ
1
2 = φ
2
2 = 0 results in 〈ψ˜−|HXY |ψ˜−〉 = 12 (−1−γ+(−1+γ) cos 2(θ1−θ2)), which can exhaust the range [−γ,−1]
when θ1 and θ2 are varied. Besides, a choice of φkj = 0, j, k = 1, 2 gives 〈ψ˜−|HXY |ψ˜−〉 = 12 (−1 + γ − (1 + γ) cos 2(θ1 − θ2))
by which the range [−1, γ] can be exhausted in a similar fashion. We therefore find that the inclusion of the interaction terms has a
drastic effect on canonical distillability. While almost no states are SCD for J = 0 (Proposition I), a significant fraction of them are
so for J 6= 0.
We have performed extensive numerical simulations to check the assumption of independence, and have found it to hold, within
numerical accuracy, for the transverse XY Hamiltonian. Therefore, via Proposition II, the probability of an arbitrary two-qubit
entangled state to be SCD with respect to HXY is given by p = η
∫ 
− P (E)dE.
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FIG. SF1. (Color online.) Special canonically distillable states with respect to the transverse-field XY model. (a) The probability distribution,
P (E), of average energy, E, of Haar uniformly chosen random two-qubit pure states for different values of h/J at γ = 1. The distributions
becomes sharply peaked at E = 0 for low values of h/J . (b) The variation of the probability p that a two-qubit pure state is SCD as a function of
h/J for different values of γ (See Eq. (16)). In this and in all the following figures in this paper, the calculation of p does not use the assumption of
independence. All quantities employed are dimensionless.
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FIG. SF2. (Color online.) The effect of rank on special canonical distillability with respect to the transverse-field XY model. (a) The probability
distribution, P (E), of average energy, E, for Haar uniformly chosen random mixed states of different ranks with h/J = 1, γ = 1. The distribution
becomes sharply peaked at E = 0 when the rank of the states increase. (b) The variation of the probability p as a function of h/J at γ = 1 for
states of different ranks. Other considerations are the same as in Fig. SF1.
Irrespective of the value of h, in the limit γ → ∞, the probability of an arbitrary entangled state of a two-qubit system described
by the Hamiltonian HXY to be SCD is unity. This can be understood by noting that |E′| → || as γ → ∞. Also, note that for
0 ≤ γ < 1, E′ → 1 when h → 0. Since  = 1 for 0 ≤ γ < 1, we conclude that p → 1 in the limit h → 0 for 0 ≤ γ < 1. On the
other hand, for γ ≥ 1, E′ → γ when h→ 0. And  = γ for γ ≥ 1. This leads to the following proposition.
Proposition IV. In a two-qubit system described by the transverse XY Hamiltonian, all entangled states are SCD, provided either
h→ 0 or γ →∞.
The probability distributions, P (E), of average energy of the state over the space of all two-qubit pure states for different values
of h/J are depicted in Fig. SF1(a). The variation of the probability p with the field-strength h in the case of pure states of the
two-qubit XY model is depicted in Fig. SF1(b), for different values of γ. Note that the value of p decreases as h/J increases, and
asymptotically vanishes as h → ∞. This can be understood as a result of Proposition I. For a fixed h/J , p is a non-monotonic
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FIG. SF3. (Color online.) Canonical distillation phase diagrams for different values of γ in the case of XY model in a transverse field. The
white line depicts the boundary between thermal states that do and do not satisfy the WCEC on the (h/J, Jβ) plane. Below the boundary, the
constraint is satisfied while above the boundary, it is not. The different shades in the figures represent different values of entanglement as measured
by concurrence as a function of h/J and Jβ. All quantities are dimensionless, except the concurrence, which is in ebits.
function of γ with a change in character at γ = 1, the Ising point. For γ < 1, p decreases with increasing γ for a fixed value of h
while for γ > 1, p increases as γ increases, as clearly seen from Fig. SF1(b).
In the case of two-qubit mixed states, we find that the DF, η, is a function of the rank, r, of the state, with η(r = 2) = 1,
η(r = 3) = 0.928, and η(r = 4) = 0.756. These estimates are obtained via numerical simulation, for which we have generated
108 states (for each rank) Haar uniformly over the space of quantum states of the corresponding rank. The probability distributions,
P (E), of average energy of the two-qubit entangled mixed states with different ranks are shown in Fig. SF2(a) for h/J = 1, γ = 1.
As in the case of pure states, the probability distributions are bell-shaped, and becomes sharply peaked around zero for states with
higher ranks. Fig. SF2(b) depicts the variation of p against h for mixed states of rank 2, 3, and 4 with γ = 1. Similar to the case of
pure states, the probability p→ 0 as h→∞.
Let us now discuss the canonical distillability of some special types of mixed states.
Thermal states.– We intend to find out whether canonical distillability of a two-qubit mixed entangled state depends on tem-
perature. To pursue this question, we construct the thermal state of the two-qubit system as ρth = exp(−βHXY )/Z, where
Z = tr{exp(−βHXY )} is the partition function of the system and β = 1/kBT , kB and T being the Boltzmann constant and
absolute temperature respectively. Fig. SF3 depicts the canonical distillation phase diagram on the (h/J, Jβ) plane for different
values of γ in case of the XY model in a transverse field. For every value of h, there is a critical value of T above which the state
satisfies the WCEC (Eq. (5)), whereas below the critical value, it does not. We call this value as the SCD temperature. Note that in
Fig. SF3, the vertical axis is proportional to β, i.e., proportional to inverse of T . For the zero temperature cases, we find that increase
of entanglement tends to facilitate canonical distillability. However, after thermal mixing, there is a trade-off between temperature
and entanglement, which aids in canonical distillability at higher temperatures where entanglement is typically low. The entangle-
ment of the state, as measured by concurrence [SR3], is mapped onto the (h/J, Jβ) plane and is represented by different shades in
Fig. SF3. Note that for low values of h/J , the thermal states have low SCD temperatures, whereas the trend is opposite for higher
values of h/J . The figure clearly shows that there exist thermal states that are not entangled, but satisfies Eq. (5). Similarly, thermal
entangled states exist which do not satisfy Eq. (5) and hence can not be SCD.
Bell-diagonal states.– Next, we explore the canonical distillability of Bell-diagonal (BD) states given by
ρBD =
1
4
{I1 ⊗ I2 +
∑
α
cαασ
α
1 ⊗ σα2 }, (SEQ5)
with α = x, y, z, where cαα = tr(σα1 ⊗ σα2 ρBD) are the diagonal elements of the correlation matrix (|cαα| ≤ 1), and where I1
and I2 are the identity matrices in the Hilbert spaces of the qubits 1 and 2, respectively. The positivity of the BD state dictates that
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FIG. SF4. Canonical distillability of two-qubit states with local magnetizations. The projections of the SCD region on different two-dimensional
cross-sections of the parameter space of the state ρm, where the system is governed by the two-qubit XY Hamiltonian. The shaded regions depict
the projections of the volume of physical states on the different cross-sections. The first two figures consider projections onto the (cxx,m2z) plane,
while the next two figures consider that onto the (m1z,m2z) plane. On the other hand, the first and third figures are for h/J = 1.0, while the rest
are for h/J = 2.0. The black regions depict the states that are SCD, while the dark gray regions depict the states that are not SCD but distillable in
the usual, non-canonical, sense. The light gray regions indicate undistillable quantum states. Note that the region of SCD states diminishes with the
increase in the value of the external field. This is consistent with Proposition I and the fact that the probability, p, of a state being SCD decreases
with increasing external field (see Fig. SF2). Also, an SCD state can be obtained by mixing two quantum state that are distillable, but not SCD, as
indicated by the dotted line in the rightmost figure, implying the non-convexity of the SCD states.
the correlators, {cαα}, are constrained to vary within a strict subset of the hypercube. The average energy of the state is given by
EXYBD = ((1 + γ)cxx + (1− γ)cyy)/2. Hence, EXYBD ∈ [−1, 1] for 0 ≤ γ < 1, and EXYBD ∈ [−γ, γ] when γ ≥ 1. Since the range of
the left-hand side of Eq. (5) coincides with that of the right-hand side, the BD states are always SCD for the transverse XY model.
Mixed states with fixed magnetizations.– Introduction of magnetization in the z-direction to the state ρBD makes the two-qubit
mixed state to be of the form
ρm =
1
4
{I1 ⊗ I2 +
∑
α
cαασ
α
1 ⊗ σα2 +m1zσz1 ⊗ I2 +m2zI1 ⊗ σz2}. (SEQ6)
Here, m1z and m
2
z represent the magnetizations of the qubits 1 and 2, respectively, with m
i
z = tr(σ
z
i ρi), i = 1, 2, ρi being the
local density matrix of the qubit i. Similar to the correlators cαα, −1 ≤ miz ≤ 1. The average energy of this state is given by
EXYm =
h
J (m
1
z +m
2
z) + ((1 + γ)cxx + (1− γ)cyy)/2. The canonical distillability of the state depends explicitly on the values of the
correlators and the magnetizations. Fig. SF4 depicts the projections of the volume in the (cxx,m2z) and (m
1
z,m
2
z) planes, in which
all the states of the form ρm are SCD (red regions) for fixed values of the other parameters (cyy = 0.2, czz = 0.3). With increasing
h/J , the region shrinks, thereby indicating a decrease in the probability that a mixed state of the form ρm is distillable and SCD. This
is consistent with our earlier findings regarding the dependence of special canonical distillability of mixed entangled states on h/J .
B. XY model in a longitudinal field
To investigate whether a change in the direction of the external field alters the probability of a state to be SCD, we consider the
two-qubit XY model in a longitudinal field, described by the Hamiltonian
HXY (l) = J
[
1 + γ
2
σx1σ
x
2 +
1− γ
2
σy1σ
y
2
]
+ h
2∑
i=1
σxi ,
(SEQ7)
where h is the strength of the longitudinal field. Note that we are using the same symbol h for the longitudinal field that we had used
in the preceding case for the transverse field.
The probability p, in the case of the longitudinal-field Ising model (γ = 1), is plotted against h/J in Fig. SF5. Note that the
rate of decay of p with h changes abruptly at h/J = 1. This can be understood by noting that the average energy of an entangled
state of a two-qubit system described by the Hamiltonian HXY (l) for γ = 1 is bounded below and above by the minimum and
maximum eigenvalues of the Ising Hamiltonian, respectively. They are given by EXY (l)1 = −1, EXY (l)2 = 2hJ + 1 for hJ < 1,
and EXY (l)1 = − 2hJ + 1, EXY (l)2 = 2hJ + 1 for hJ ≥ 1. Due to the energy level crossing at hJ = 1, the allowed range of values
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FIG. SF5. (Color online.) The variation of the probability p, for pure states, as functions of h/J in the transverse- and longitudinal-field Ising
models. The rate of decay of p changes abruptly at h/J = 1 in the case of the longitudinal field. The inset exhibits the difference between the
probabilities for the two models. See text (Sec. SSEC1 B) for details. All quantities plotted are dimensionless.
for the average energy changes whereas the range of 〈ψ˜|H lXY |ψ˜〉 remains fixed at [−1, 1] irrespective of the values of hJ , thereby
changing variation of p abruptly. In Fig. SF5, we compare the result of longitudinal-field Ising model with that obtained from the
transverse-field Ising model where the same field strength is applied in the transverse direction. We observe that over a certain interval
of the field values, the probability is greater in the case of the longitudinal field than that in the case of the transverse field, while the
opposite is true in the complementary region. This clearly indicates that the probability depends on the direction of the applied field.
For comparison between the longitudinal and transverse models, we introduce the quantity ∆p = p(HXY )− p(HXY (l)), and plot it
as a function of h/J and γ in the inset of Fig. SF5. The existence of both positive and negative values of ∆p reveals the interesting
fact that p can be increased or decreased by changing only the direction of the field.
C. XXZ model in an external field
The two-qubit XXZ model in an external field is described by the Hamiltonian [SR4]
HXXZ =
J
2
(σx1σ
x
2 + σ
y
1σ
y
2 + ∆σ
z
1σ
z
2) + h
2∑
i=1
σzi , (SEQ8)
where J is proportional to the interaction strength, ∆ is the anisotropy in z direction, and h is the strength of the external field. The
average energy of any entangled state of a two-qubit system defined by the HamiltonianHXXZ must be in the range [EXXZ1 , E
XXZ
2 ],
where EXXZ1 and E
XXZ
2 are the minimum and maximum eigenvalues, respectively, of HXXZ , with E
XXZ
1 , E
XXZ
2 ∈ {−1 −
∆/2, 1−∆/2,−2(h/J) + ∆/2, 2(h/J) + ∆/2}. The choice of E1 and E2 depends on the values of ∆ and h/J .
The right hand side of the WCEC (Eq. (5)) lies in the range [1, 2], where 1 and 2 are the minimum and maximum eigenvalues,
respectively, of the interacting part of the XXZ Hamiltonian given by HintXXZ =
J
2 (σ
x
1σ
x
2 + σ
y
1σ
y
2 + ∆σ
z
1σ
z
2). For all values of
∆, 1 = −(1 + ∆/2) whereas 2 = 1 − ∆/2 for 0 ≤ ∆ < 1, and 2 = ∆/2 for ∆ ≥ 1. The probability of a two-qubit state
being SCD can be obtained following Proposition II. Note that with unitary operators of the form (SEQ4), one can obtain all the
values of 〈ψ˜−|HXXZ |ψ˜−〉 in the allowed range [−XXZ1 , XXZ2 ] since 〈ψ˜−|HintXXZ |ψ˜−〉 is a continuous function of the parameters
{θj , φj1, φj2}, j = 1, 2. Fig. SF6 represents the decay of the probability p as a function of h/J for different values of ∆ in the
case of pure states. Note that the dependence of p on ∆, similar to that of p on γ in the case of the longitudinal-field XY model,
is non-monotonic for a fixed value of h/J . When ∆ < 1, p decreases with increasing ∆ for a fixed h/J whereas for ∆ > 1, the
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FIG. SF6. (Color online.) The variation of the probability p, for pure states, as a function of h/J for different values of ∆ in the case of two-qubit
XXZ model in an external field. All quantities employed are dimensionless.
opposite trend is observed. Also, the decay rate of p with h/J changes abruptly for ∆ ≥ 1 due to the ground state energy level
crossing that changes the limits of the distribution P (E), similar to the case of the XY model in a longitudinal field. In the case of
two-qubit mixed states, one can find features similar to that in the case of transverse-field XY Hamiltonian (as depicted in Fig. SF2)
using the same methodology.
We conclude the discussion on theXXZ model by examining the canonical distillability of the thermal states constructed from the
eigen-spectrum of the model. We find that similar to the transverse-fieldXY model, a critical temperature exists for all values of h/J ,
for a fixed ∆, above which the thermal state satisfies Eq. (5), but below which it does not. (See Fig. SF7). The zero-entanglement
regions above the white line indicates that there exist thermal states that satisfy Eq. (5), but are non-distillable.
SSEC2. TWO-QUTRIT SYSTEMS
We now conclude an example of a two-qutrit system defined by a bilinear-biquadratic Hamiltonian [SR5] in the presence of a field
term. The Hamiltonian is given by
H3,3 = J
[
cos θ~S1.~S2 + sin θ
(
~S1.~S2
)2]
+ h
2∑
i=1
Szi , (SEQ9)
where ~Si = {Sxi , Syi , Szi }, i = 1, 2, are the spin operators on the qutrit i, with
Sxi =
1√
2
 0 1 01 0 1
0 1 0
 , Syi = 1√
2i
 0 1 0−1 0 1
0 −1 0
 ,
Szi = diag{1, 0,−1}. (SEQ10)
Here, cos θ and sin θ are the relative strengths of the bilinear and biquadratic interactions, respectively. The probability that a
randomly chosen two-qutrit state ρ is SCD is determined by an equation similar to Eq. (5) where |ψ−〉 is replaced by |Φ〉 (Eq. (7))
with d = 3. The left hand side of the equation represents the average energy of the two-qutrit state which is bounded below and above
by the minimum and the maximum eigenenergy of the Hamiltonian, given byE3,31 andE
3,3
2 , respectively. Here, E
3,3
1 = min{S} and
E3,32 = max{S} where S = {cos θ+ sin θ,− cos θ+ sin θ,−2 cos θ+ 4 sin θ,−h/J − cos θ+ sin θ, h/J − cos θ+ sin θ,−2h/J +
cos θ + sin θ,−h/J + cos θ + sin θ, h/J + cos θ + sin θ, 2h/J + cos θ + sin θ} is the set of eigenvalues of the Hamiltonian, the
maximum and the minimum being determined by the values of h/J and θ. The probability of a randomly chosen two-qutrit pure
state to be SCD is plotted on the (θ, h/J) plane in Fig. SF8. The probability decreases as h/J increases for a fixed value of θ, as
consistent with Proposition I. Note that at h = 0, the probability p, unlike in the case of the two-qubit pure states, is not always unity
but depends on θ and therefore on the strengths of the bilinear and biquadratic interactions.
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FIG. SF7. (Color online.) Canonical distillability phase diagrams for different values of ∆ in the case of XXZ model in an external field. All other
considerations are the same as in Fig. SF3.
SSEC3. MULTIPARTITE SYSTEMS
Canonical distillability of a multipartite system constituted of N parties and described by a Hamiltonian H can be investigated
using the same methodology as that used in the case of bipartite systems. For the purpose of demonstration, we restrict ourselves
to three-qubit states belonging to the well-known GHZ and W classes [SR6–SR8], which are mutually disjoint sets that collectively
exhaust the entire set of three-qubit pure states. Starting with three-qubit states chosen from the GHZ class as resource states,
we consider the distillation of the multiparty entangled three-qubit GHZ state, |ψ〉GHZ = (|000〉 + |111〉)/
√
2, using the WCEC.
Similarly, while considering the W class of states as the resource states, the target state is the three-qubit W state, |ψ〉W = (|001〉+
|010〉+ |100〉)/√3. Let the multiqubit system be described by the XY Hamiltonian in an external transverse field, given by
HNXY = J
N∑
i=1
[
1 + γ
2
σxi σ
x
i+1 +
1− γ
2
σyi σ
y
i+1
]
+ h
N∑
i=1
σzi .
(SEQ11)
A. GHZ class
A general three-qubit state belonging to GHZ class is given by [SR6, SR7]
|GHZC〉 = 1
M
(a1|0〉1|0〉2|0〉3 + a2|φ1〉|φ2〉|φ3〉),
(SEQ12)
where M is a normalization constant, and |φi〉 = bi|0〉i + ci|1〉i, i = 1, 2, 3, with |bi|2 + |ci|2 = 1. Let us consider the case of
γ = 1 (transverse Ising model). One side of the WCEC in this case consists of the average energy of the three-qubit states in the
GHZ class and has the minimum and maximum allowed values, EN=31 and E
N=3
2 , as the minimum and maximum eigenvalues,
respectively, of HN=3XY . Choosing the standard state on the other side of the WCEC as |ψ〉GHZ , we find that the part h
∑3
i=1 σ
z
i of
the Hamiltonian HN=3XY does not contribute and the bounds on this side are decided by the minimum and maximum eigenvalues of
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FIG. SF8. (Color online.) The probability, p, for pure states, as a function of the interaction parameter θ and the field-strength h/J for the two-qutrit
model described by the Hamiltonian H3,3. A general two-qutrit state is less possible to be SCD with the increase of h/J for a fixed value of θ. All
quantities used are dimensionless.
J
∑3
i=1
[
1+γ
2 σ
x
i σ
x
i+1 +
1−γ
2 σ
y
i σ
y
i+1
]
:
−1 ≤GHZ 〈ψ˜|HN=3XY |ψ˜〉GHZ ≤ 3, (SEQ13)
where |ψ˜〉GHZ is the state |ψ〉GHZ up to local unitary operators. With the choice of unitary operators as
U1 =
(
cos θ sin θ
− sin θ cos θ
)
, U2 = U3 =
1√
2
(
1 1
−1 1
)
,
(SEQ14)
one obtains GHZ〈ψ˜|HN=3XY |ψ˜〉GHZ = 1 + 2 sin θ, a continuous function, using which one can exhaust all possible real values in the
allowed range [−1, 3] by varying θ. Therefore, the probability that a three-qubit state of the GHZ class is SCD to the three-qubit
GHZ state can be obtained by determining the normalized probability distribution P (E) for the average energy E of the GHZ states
and integrating it within proper limits:
p =
∫ 3
−1
P (E)dE. (SEQ15)
The DF is unity by virtue of Ref. [SR7]. The probability distribution P (E) in the case of the three-qubit transverse Ising model and
the GHZ class of states is shown in Fig. ??(a). Fig. ??(b) shows the variation of the probability p as a decreasing function of hJ .
B. W Class
A three-qubit state belonging to the W class is given by [SR7, SR8]
|WC〉 = a|001〉+ b|010〉+ c|100〉+ d|000〉, (SEQ16)
with |a|2 + |b|2 + |c|2 + |d|2 = 1. We intend to canonically distill three-qubit W states, |ψ〉W , where the system is described by the
Hamiltonian HN=3XY . Similar to the GHZ class, we consider γ = 1. Both sides of the WCEC in this case are bounded by E
N=3
1 and
EN=32 . However, we find that the effective range is a strict subset of [E
N=3
1 , E
N=3
2 ]. Denoting the ends of that subset by 
W
1 and
W2 , the probability p, in the present case, is given by p =
∫ W2
W1
P (E)dE, where the probability distribution P (E) is exhibited in Fig.
??(a). The DF is again unity by virtue of Ref. [SR27]. The variation of p as a function of h is shown in Fig. ??(b). Note that, in
contrast to the case of GHZ class, up to h/J = 1, we have p = 1. When h/J > 1, p decreases with increasing h/J . This is therefore
an occasion where it is advantageous to create W-class states than GHZ-class states (cf. [SR32]).
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FIG. SF9. (Color online.) Multiparty special canonically distillable states. (a) The probability distributions, P (E), of the average energy, E, in the
case of three-qubit states belonging to the GHZ and W classes. The Hamiltonian parameters are set to γ = 1 and h/J = 1. (b) The variation of the
probability p as a function of h/J in the GHZ and W classes. All quantities employed are dimensionless.
[SR1] E. Lieb, T. Schultz, and D. Mattis, Ann. Phys. 16, 407 (1961); E. Barouch, B.M. McCoy, and M. Dresden, Phys. Rev. 2, 1075 (1970); E.
Barouch and B.M. McCoy, Phys. Rev. 3, 786 (1971).
[SR2] B. K. Chakrabarti, A. Dutta, and P. Sen, Quantum Ising Phases and Transitions in Transverse Ising Models (Springer, Heidelberg, 1996); S.
Sachdev, Quantum Phase Transitions (Cambridge University Press, Cambridge, 2011); S. Suzuki, J. -I. Inou, B. K. Chakrabarti, Quantum
Ising Phases and Transitions in Transverse Ising Models (Springer, Heidelberg, 2013).
[SR3] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022 (1997); W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998); V. Coffman, J. Kundu, and
W. K. Wootters, Phys. Rev. A 61, 052306 (2000); W. K. Wootters, Quant. Inf. Comput. 1, 27 (2001).
[SR4] C. N. Yang and C. P. Yang, Phys. Rev. 150, 321 (1966); C. N. Yang and C. P. Yang, ibid. 150, 327 (1966).
[SR5] E. Demler and F. Zhou, Phys. Rev. Lett. 88, 163001 (2002); S. K. Yip, Phys. Rev. Lett. 90, 250402 (2003); O. Romero-Isart, K. Eckert, and
A. Sanpera, Phys. Rev. A 75, 050303(R) (2007).
[SR6] D. M. Greenberger, M. A. Horne, and A. Zeilinger, in Bell’s Theorem, Quantum Theory, and Conceptions of the Universe, ed. M. Kafatos
(Kluwer Academic, Dordrecht, The Netherlands, 1989).
[SR7] W. Du¨r, G. Vidal, J. I. Cirac, Phys. Rev. A 62, 062314 (2000).
[SR8] A. Zeilinger, M. A. Horne, and D. M. Greenberger, in Proceedings of Squeezed States and Quantum Uncertainty, edited by D. Han, Y. S.
Kim, and W. W. Zachary, NASA Conf. Publ. 3135, 73 (1992).
[SR9] A. Sen(De), U. Sen, M. Wiesniak, D. Kaszlikowski, and M. Z˙ukowski, Phys. Rev. A, 68, 062306 (2003).
